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1. Introduction 
 

This white paper describes the basic capabilities of the ESSC-LLC Phased Array Design Integrated 

Tool (PAD-IT) and some of the research and development that has benefited from its use.  PAD-

IT is currently an internal product or tool created and used by ESSC-LLC for performing phased 

array performance analysis, algorithm design and test, and Monte Carlo analysis of existing array 

designs subjected to random fluctuations in various design parameters.     

 

Phased arrays are used in a variety of applications from remote sensing and tracking with radar 

and sonar to ultrasound medical imaging [1-3].  Arrays may be used in either passive or active 

mode.  In either case they make use of phase differences between array elements to determine the 

direction of an incoming signal or signals, and in the case of active arrays to direct an outgoing 

pulse in a given direction to better illuminate or insonify a target. 

 

Performance prediction and modeling can help in many ways.  For example in the decision making 

process by providing insight into exactly how the array should be built and what types of elements 

to use for a specific application.  Even a simple low fidelity model can prevent unnecessary cost 

and time slips in the manufacturing process. 

 

At the simplest level, the lowest fidelity modeling, the array is nothing more than a set of positions 

in space.  Each element is considered an ideal point-like omnidirectional sensor with an ideal, flat, 

response function.  At the highest level of complexity (and presumably fidelity) one can build a 

complete three dimensional facet model of the array, specifying the material properties of every 

piece of the sensor and even the electronics inside then expose that model to the output of an 

acoustic or electromagnetic field propagation model, e.g. finite difference time domain (FDTD) or 

method of moments (MoM), etc [4-7], to determine the performance of the array.  Each approach 

has its virtue.  PAD-IT provides a middle ground allowing users to build up a fairly complete 

model of the array without the need for a full three dimensional solid model by using either analytic 

functions or real data files for representing certain array properties. 

 

A final comment to the reader.  This document is not meant to be a user manual, interface 

description or design document.  Its purpose is to introduce potential clients to the type of work 

ESSC-LLC is involved in and the tools used to perform that work.  In some sense this document 

serves as a hybrid between a technical document and a marketing brochure. 
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2. Building a physical array model 
 

Building a model of the physical array involves specifying an arrangement of sensors in a 

geometric pattern and the physical properties of those sensors.  This section covers these two 

specific functions and the features provided by PAD-IT. 

 

2.1 Choosing an array geometry 

 

An array geometry can be specified either by choosing one of many options from a drop down list 

or by specifying the path name to a formatted text file containing a set of array element locations 

and their corresponding properties, e.g. dimensions, etc.  The location of each array element is the 

center of geometry (CoG).  The options from the drop down menu generate arrays based on well-

known algorithms.  A list of array types is provided in table 1. 

 

 

Array Name Parameters Notes 

Line L, d Basic shape 

Circle R, d Basic shape 

Rectangle Lx, Ly, d Basic shape 

Spiral Rmax, d Basic shape 

Dougherty 

Spiral 

R0, ν, Rmax, d 
Basic shape 

Co-Array 

𝑟𝑖 − 𝑟𝑗, {𝑟𝑘} are 

the elements of 

any existing array. 

Requires 

existing array 

as input 

Random 

Array 

Remove M < N 

elements from any 

existing array. 

Requires 

existing array  

as input 

Manual input file path N/A 

Table 1 PAD-IT array options 

 

All array designs provided by PAD-IT are planar arrays, at least in their unperturbed state.  The 

array elements are placed in the array such that their CoG’s are in the same plane.  A set of 

coordinates is defined relative to the array such that a Cartesian plane coincides with the face and 

one direction is normal to the face.  Figure 1 provides an illustrative representation of an array face 

with elements and array coordinates.  
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Figure 1 Array face, elements and array centered coordinates 

 

Figure 2 provides examples for each type of array provided in table 1 with the exception of the 

Line and input file options.  Table 2 provides the input values used to generate the patterns in 

figure 2. 

 

There is an option available for specifying whether to treat the individual elements as point like 

objects or as extended bodies.  The purpose is multifold.   

 

1. When choosing elements physical dimensions are required.  Based on the inputs provided 

for the array and element dimensions PAD-IT will check to see if any elements overlap 

and if so flag each pair of overlapping elements for review.  For signal processing studies 

this may not be necessary as the purpose of the element locations is merely to provide the 

relative phase shifts required to exercise a beam former or matched field filter.  However 

for construction of a physical array one cannot ignore overlap. 

 

2. When the point-like option is off the plotting routine in PAD-IT will attempt to plot two 

dimensional solid surfaces for each element, e.g. cylinders, spheres, etc.  For smaller arrays 

this can produce very sophisticated and attractive figures but for realistic arrays with 

thousands of elements the plotting routine becomes a bottleneck.  It is recommended that 

the point-like option be used for larger arrays. 

 

PAD-IT allows the user to specify point-like option on for plotting purposes only but still checks 

for overlap. 

 

x

y

z
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Figure 2 Sample array designs generated by PAD-IT  
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Figure 2 Array type Parameters 

(a) Circle R = 0.5m, d = 0.05m, N = 63 

(b) Co-Array 
Seeded with a circle with R = 0.2m, d = 0.05 

Total elements N = 1407 

(c) Square Lx = 1m, Ly = 1m, d = 0.05, N = 441 

(d) Random Array 

Starting with the square array in 1 (c) 

make x = rand(411,1) and map x > 0.5 to T 

x ≤ 0.5 to F, remove all F elements, N = 217 

(e) Spiral Rmax = 0.5, d = 0.05, N = 101 

(f) Dougherty Spiral R0 = 0.01, ν = 1, Rmax = 1, d = 0.05, N = 32 

Table 2 Parameters used to generate array patterns in Figure 2 

 

2.2 Choosing/Defining array element features 

 

Each element has a physical size and shape.  PAD-IT requires the element shape to be one of a set 

of basic shapes, sphere, cylinder, rectangular solid.  This is one of the compromises made for ease 

of use and speed.  Each basic shape is described in the body frame of the sensor.  The definition 

of the body frame is similar to that used in describing the rotational motion of an extended body 

in mechanics.  The purpose of these body frames is to account for the possibility that individual 

elements may not sit properly in the array face or suffer from mechanical misalignment during 

transport.  In a later step an orientation for each sensor relative to array face coordinates is required 

thus allowing the user to add a deeper level of reality to the model. 

 

If the elements are for a radar model then a polarization direction may be specified.  The 

polarization direction(s) are specified in the body frame of the element [8]. 

 

Sensors can be omnidirectional or have an angular response function due to the physics and 

geometry of the sensor.  A case in point is a PZT crystal transducer.  Such sensors used in 

ultrasound arrays respond very well for direct incidence, i.e. normal to the face of the transducer, 

but can have poor response just a few degrees away from the normal [9].  PAD-IT allows the user 

to provide spatial response functions either as an analytic function or based on sampled data.  In 

either case the spatial response must be defined relative to the sensor’s body frame.  The default 

response is spherically symmetric, 1 for all θ, φ. 

 

Each sensor can have a frequency response function.  As with the spatial response functions these 

can be specified either by an analytic function or sampled data points.  The default response is flat, 

i.e. 1 for every frequency input.  Thus for a signal of frequency f incident on a sensor at angles (θ, 

φ) the net effect on the response would be A( f )*S(θ, φ).  PAD-IT evaluates array performance in 

the frequency domain.  Hence there is nothing to prevent users from running PAD-IT with a 

different spatial response profile for each frequency, S(θ, φ; f ) to allow for frequency dependent 

spatial response functions.  

 

PAD-IT provides a couple sensor choices based on past experience and research.  As a concrete 

example consider an ultrasound transducer, illustrated in figure 3. 
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Figure 3 Sample of an array element option, a PZT transducer 

 

Transducers typically have at least two layers of material, the crystal and the matching layer.  For 

the purposes of modeling an array the layers are not important.  An interesting point is that if a set 

of apparently identical transducers are mounted in an array with the top surfaces perfectly aligned 

they may all be out of phase due to slight differences in where the interface between the layers 

resides, the thickness of the glue layer between the crystal and matching layer or the placement of 

the electrical wire leads on the crystal.  All things considered these effects can be modeled by 

introducing random deviations in height, z coordinate of center of geometry in array face 

coordinates, or phase starting from an ideal configuration.  This is discussed in a later section.   

 

The transducer is modeled geometrically as a cylinder with radius R and height H. 

 

The typical frequency response function of a PZT transducer can be modeled using an equivalent 

circuit.  Alternatively, some vendors will provide data from a frequency scan taken on a test bench.  

Using this data PAD-IT will interpolate to get the amplitude and phase of the response at any 

frequency within the data range.  Figure 4 shows an example of a typical response function 

(magnitude only). 

 

 
Figure 4 Amplitude of the frequency response of a typical PZT ultrasound transducer 
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Last we discuss the spatial response of the transducer.  A simple but effective model treats the 

transducer as a circular piston.  The radiation pattern is described by a Jinc function.  More 

sophisticated models exist which take into account the deformation of the surface of the transducer 

face.  Alternatively, the user can provide sampled data relative to the body frame of the transducer 

and PAD-IT will interpolate to determine the response at any orientation.  Figure 5 shows a typical 

spatial response function for a transducer with radius a = 1.0in and wavelength λ = 1.0cm . 

 
Figure 5 Spatial response function for an ideal transducer, modeled by Jinc(x) 

 

These response functions represent the extent to which PAD-IT models the sensor characteristic.  

It is well known that details regarding the shape of the sensor, or emitter, as well as the dynamics 

of the material can affect the radiated field or the received signal.  The user can account for such 

effects in many cases by consulting the literature and rolling the effects into a modified frequency 

response or spatial response function.  In this way users can interface PAD-IT with other 

simulation tools to boost the overall fidelity of the array model.  Finally, to account for cases where 

the same sensor is used as an emitter and receiver PAD-IT will accept different definitions for both 

response functions to describe the behavior of the transmit and receive modes. 

 

3. Choosing signal processing algorithms 
 

For the purposes of modeling the array we consider these functions to be independent of the 

physical array design.  Traditionally signal processing algorithms may be built into the hardware 

or firmware and are, in some sense, truly part of the physical array.  For the purposes of testing 
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out different algorithms and performing trade studies we consider the physical array as a data 

gathering device and the signal processing as being done off line.  PAD-IT provides a library of 

signal processing tools along with the ability to allow a user to point to a plug-in function of their 

own design.  The available signal processing choices are all ones that have been used in arrays and 

appear in the literature.  The ambitious user can build custom functions to include in the existing 

library. 

 

It is a little bit of a philosophical point whether or not these functions belong to the array.  Are 

they part of the array in a physical sense?  Though some may be inclined to say no, in real time 

applications they probably should be considered part of the array.  Hence PAD-IT allows users to 

store information about these signal processing choices in the final array object for later use in end 

to end simulations. 
 

3.1 Windowing functions 

 

Table 3 lists the various windowing functions available in the PAD-IT library for time domain 

signal processing and spatial windowing [10, 11].  This feature is constantly being updated with 

new window functions. 

 

List of windowing functions in PAD-IT 

Square 

Bartlett 

Welch 

Hann 

Hamming 

Kaiser-Bessel 

Table 3 Windowing functions in PAD-IT 

 

3.2 Pulse detection 

 

PAD-IT primarily works in the frequency domain.  However when PAD-IT objects are loaded into 

larger simulations they must perform signal processing in the time domain by windowing data to 

listen (look) for incoming signals from returns (in the case of active arrays) and potential sources 

(in the case of passive arrays).  Parameters used in signal detection are driven by the interface to 

other ESSC-LLC tools and include; signal to noise ratio (SnR) threshold, time window size for 

sampling data, ΔT, and a time window shift, δT, for sliding ΔT to different sections of the data 

stream, choice of windowing function and parameters related to zero padding data samples.   
 

3.3 Beamformer algorithms 

 

As with the other features thus described PAD-IT comes equipped with a collection of beamformer 

algorithms that can be found in the literature but also provides a plug-in capability [12-14].  By 

specifying a function file name PAD-IT will load that function and use it for the beamforming, 



 

Exact Solution Scientific Consulting LLC, Copyright 2015, All Rights Reserved 

For more information contact: Dr. David R. Bergman, davidrbergman@essc-llc.com 

Page | 12 

more generally location, algorithm.  Since novel methods are always being developed ESSC-LLC 

is on the look-out for the latest and continually updating its libraries. 

 

Table 4, lists the beamformers currently available in the PAD-IT library. 

 

List of beamformer algorithms supported by PAD-IT 

Delay and Sum (DAS) 

Maximum Likelihood Method (MLM) 

Maximum Entropy Method (MEM) 

Product Array Method (PAM) 

Conformal Array Methods (CAM) 

User Supplied Plug-in 

Table 4 Beamformer algorithms supported by PAD-IT 

Figure 6 shows three examples of the standard DAS beamformer output for three different array 

geometries.    

 

The term Conformal Array Method refers to any of a class of beamformers that yield invariant 

properties with respect to frequency.  Examples include the frequency invariant (FI) broadband 

beam formers and constant beam-width and constant power beamformers, standard and robust 

Capon beamformers (SCB, RCB).  Such beamformers are used in broadband array signal analysis.  

The use of more exotic beamformers requires additional data.  An example of this is the product 

array method (PAM) which requires a list indicating groups of elements to be fused at each step 

in the beamformer processing. 
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Figure 6 Samples of Beamformer patterns for a square (top), circular (middle) and spiral 

(bottom) array for a frequency of 3kHz 
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4. Additional topics 
 

4.1 Element coupling 

 

PAD-IT considers two types of element coupling.  By multi-bounce of the incident signal from 

one element to another propagating through the medium in which the array and sources/targets are 

embedded or by way of signals propagating from one element to the other via mechanical or 

electrical coupling in the array, i.e. crosstalk.  PAD-IT provides a simplified version of element 

coupling.  The default is non-interacting elements, no coupling.  If interactions are turned on then 

the simulation will use information provided by the user for, path difference between elements, 

propagation speed, and relative strength for interactions is attenuated by a coupling response 

matrix.  The user can choose to allow PAD-IT to use direct straight line paths between sensors for 

coupling to reduce the data needed for evaluating this effect. 

 

4.2 Using PAD-IT output in other simulations 

 

PAD-IT can be used alone to build array designs and test their performance for ideal signal inputs.  

ESSC-LLC also makes a simulation tool called Integrated Auralization System (IAS) which is 

specifically designed to accept PAD-IT objects allowing users to place any number of arrays with 

distinct characteristics in a three dimensional environment and expose them to signals from more 

realistic source or target models, and a realistic propagation environments.  IAS is also integrated 

with ESSC-LLC product Paraxial “Acoustic” Ray Trace (PART).  PART applies a Gaussian Beam 

tracing routine to determine the field at each sensor in each array.  PART was originally designed 

as an acoustic propagation algorithm but has been augmented to apply to electromagnetic 

propagation in environments with non-trivial refractive properties. 

 

4.3 Adding random deviations to array parameters 

 

A great feature of PAD-IT is the ability to include deviations to the parameters of the individual 

elements.  Starting with an array of identical elements one can perform Monte Carlo studies to test 

the effect of certain deviations on the overall performance of the array.  

Any attribute of an array element; center of geometry location in the array face, orientation of 

sensor body frame relative to the array face coordinate frame, etc, can be subjected to a deviation.  

These deviations can be from random draws, based on some pattern, or changed manually by the 

user.  The point is that instead to providing individual inputs for each of a thousand elements one 

can start with an ideal array of identical elements and inject deeper realism into the model through 

this process. 
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5. Case study 
 

The modeling approach outlined in this document was applied to an array of ultrasound transducers 

used in a remote sensing device.  Details of the device and its use will not be discussed and we 

only present a few highlights from the study to demonstrate our analysis to the reader.  The device 

was an active array and the subject of the study was stability of the main beam.  Deviations in 

transducer properties and array geometry contributed to loss of power in and deformation of the 

main lobe making detection more difficult than expected.  Part of the issue was that the initial 

design assumed that all elements were identical and ideal.  The array was constructed before the 

study was conducted and the results of the study revealed simple fixes for many issues.  After 

implementation of these fixes there was better match between the array and model data leading to 

better detection, tracking and identification. 

 

The one feature that was consistent among the elements was their frequency response.  It is fairly 

easy to tune transducers to have peak response at the same frequency.  However, several other 

parameters exhibited large deviations in value.  A few of these parameters include; orientation of 

the transducer face relative to the array face plane, depth of the crystal layer beneath the transducer 

face (effective height), displacement of the center of motion from the center of geometry, and 

effective area. 

 

Since transducers have a directional response function the orientation of the transducer relative to 

the array face can have a profound effect on the received signal.  The angular response is described 

theoretically by 2𝐽1(𝑘𝑎 sin 𝜃)/𝑘𝑎 sin 𝜃, where a is the effective radius of the transducer face, k the wave 

number and θ the angle of incidence of incoming acoustic signal (for reception) or the angle between the 

line of sight from the transducer to a sensor and the transducer normal (for transmission).  The function 𝐽1 

is the Bessel function of the first kind with index n = 1.  This spatial response model assumes cylindrical 

symmetry.  Figure 7 below illustrates the configuration of a transducer relative to the array face 

plane.  Coordinates (x, y, z) are used to describe the array face plane while (x’, y’, z’) are used to 

describe the plane of the transducer face, and (x”, y”, z”) are an intermediate coordinate system.  

In general, the orientation of the transducer relative to the array face plane may be described by 2 

Euler angles, shown here as θ1 and θ2. 
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Figure 7 Transducer tilt relative to array face coordinates 

 

The degree of tilt of the array elements can be due to elements not being set properly in the face 

or due to deviations in the matching layer surface or the interface between the crystal and matching 

layer.  Regardless of the nature of the tilt we can expect the degree of tilt to be fairly small, less 

than a few degrees.  The orientation is given by the following rotation matrix.  To study the effects 

of random orientation differences on the main beam power we take θ1 and θ2 to be random variables 

with uniform distribution 𝑈(−𝛿𝜃, 𝛿𝜃).   
 

[
𝑥′
𝑦′

𝑧′

] = [

cos𝜃1 0 sin𝜃1
sin𝜃1 sin 𝜃2 cos 𝜃2 −sin𝜃2 cos 𝜃1

−sin𝜃1 cos 𝜃2 sin 𝜃2 cos 𝜃1 cos𝜃1

] [
𝑥
𝑦
𝑧
] ≈ [

1 0 𝜃1
0 1 −𝜃2

−𝜃1 𝜃2 1
] [
𝑥
𝑦
𝑧
] 

 

Deviations in transducer height have a profound effect on the beam.  The goal is to have the 

elements in phase to create a strong coherent main beam in the boresight direction.  Systematic 

changes in phase across the array will then steer the beam to different directions.  The wavelength 

was on the order of ~1.0cm.  Height deviations of just a few millimeters relative to array face lead 

to relative height differences of up to a half wavelength.  As a result the entire array appeared to 

have completely random phases between elements.  Before deciding on a fix the vendor wanted 

an assessment of how deviations in beam parameters depended on the relative deviations in 

element height.  This was fairly easy to study, the height was modeled as a uniformly distributed 

random variable 𝑈(−𝛿ℎ, 𝛿ℎ).   
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Last, it was realized during our study that the center of motion of the transducer was not coincident 

with the center of geometry and that the effective area was smaller than the size of the transducer.  

These two parameters are illustrated in figure 8. 

 

 

 
 

Figure 8 Transducer motion profile 

 

The figure illustrates the displacement of the center of motion from the geometric center (left) and 

a representation of curves of equal displacement of strength of motion (right).  While it also 

appears that the effective shape is not quite circular, test data confirmed that the spatial response 

profile was near symmetric.  The consequence of having a smaller than expected effective area is 

that the spatial response is more flat and that side lobes of the individual elements are suppressed.  

Thus the transducers respond better than expected for off normal incidence. 

 

 

A few results of beam patterns based on the above considerations are presented below to illustrate 

the effect that various random deviations can have on beam shape.  In each case where a random 

variable is studied Monte Carlo analysis was performed on a large set of draws, e.g. 1,000-10,000, 

to determine the dependence of beam parameters on distribution parameters of the random 

variables.  Figures 9 through 12 are all solid contour plots showing the beam pattern at a far 

distance away from an active array, well within the far field limit for the specific array being 

studied.  The color map is set so that the maximum value is red.  Figure 9 is the ideal beam pattern 

generated by a square array with a set of identical and ideal transducer elements.  The lobe pattern 

is similar to the diffraction pattern of a square aperture, as expected.  A single main lobe at 

boresight is clearly present with regularly spaced side lobes. 

 

Geometric Center

Peak Movement
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Figure 9 Array beam pattern, ideal state 

 

 
Figure 10 Sample array beam pattern, random deviation in center location in array face plane 
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Figure 10 is one example of the beam for the same square array with random deviations added to 

the center locations of each sensor in the array face.  One can clearly see that the main lobe and in 

this case the first side lobe are for the most part unaltered by these deviations while the rest of the 

beam pattern is largely smeared out.  Those familiar with array design will be familiar with the use 

of random element placement as a means to suppress side lobes.  For the most part these in plane 

deviations do not affect the main beam power or direction and help with side lobe suppression.     

 

Each of the next two figures show four distinct array beam patterns from the same array we started 

with but with large random deviations added to the element height out of the array face plane.  This 

is one of the more sever effects studied.  In this case the deviation in height creates a deviation in 

phase.  In figure 11 one sees four distinct Monte Carlo realizations for height deviation of order a 

half wavelength while figure 12 shows the same for deviations of order a full wavelength.   

 

 

 
Figure 11 Four Monte Carlo realizations of the array beam pattern with random draw in 

transducer height, λ/2 

 

For the case in figure 11 there is still a well-defined main lobe.  There is slight deviation from the 

center and our results indicated an average loss in beam strength (SPL) of ~3.5dB. 
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Figure 12 Four Monte Carlo realizations of the array beam pattern with random draw in 

transducer height, λ 

 

The case depicted in figure 12 is much worse.  Even though these look like severe storm systems, 

in some cases one can see the presence of at least one lobe that is stronger and bigger than the 

others.  For smaller deviations in height the effects were primarily (1) a random steering of the 

main lobe with some enhanced side lobes and (2) a loss of power in the main lobe.   But at some 

point the deviations were large enough to create diffraction lobes and in some cases create patterns 

with multiple main lodes, referred to here as bifurcation.  Up to the point where bifurcation 

occurred we could track the mean deflection of the “main lobe”.  The presence of lobes was judged 

by applying a 3dB cutoff, i.e. keep all data above 3dB below the maximum peak, and counting 

max peaks in the remaining data set.  For the sake of tracking the main lobe in these extreme cases 

we continued to follow the placement of the true maximum, multiple equal maxima being highly 

unlikely were not encountered.  We were interested in evaluating (1) the reduction in main lobe 

strength and (2) the deflection in main lobe position.  These variables are well defined up to the 

point where bifurcation occurs.  We proceeded in the extreme cases by including the absolute max 

in the data sets for these two quantities noting as a caveat the point at which the definition becomes 

dubious.  Additionally we generated statistics for the number of lobes generated in the bifurcation 

process and develop an empirical probability to observe N lobes above SPLmax - 3dB as a function 

of the height deviation parameter (more generally SPLmax – CutOff where the parameter CutOff 
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was specified by the vendor).  In the most extreme case we predicted a mean loss in beam strength 

(SPL) of ~10dB.   
 

Some of what was studied was to provide a complete evaluation of the array but did not drive any 

changes.  Despite the wild variety of patterns that emerged from the Mont Carlo studies arrays are 

not typically subjected to time dependent changes in geometry or array mounting properties.  

Though this can happen if the array is subjected to an impulse or is mishandled in some other way.  

Thus, once the physical array was evaluated to determine the specific values of parameter 

deviations mechanical and electric fixes were fairly easy to implement.   

 

The main changes in the array design driven by these studies were: 

 

1. The inclusion of empirical angular response functions in the signal processing software to 

correct received signals for orientation deviations. 

 

2. The inclusion of phase shifts in the FPGA controlling the emitted pulse and similar 

correction for the received signal to correct the effects of height deviations.   

   

3. The modification of the effective transducer area and in plane displacement in matched 

filters to account for the true transducer geometry. 

 

4. The development of a deployable test procedure and the ability to reset these parameters 

in the field to account for possible changes in array parameters due to shifting of elements 

while being transported.   

 

The implementation of the first three changes resulted in immediate improvement to detection and 

target shape identification.    
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